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Differential Equations

Differential equations are mathematical expressions that describe how a quantity changes over time, based on
its rate of change. They are used to model a wide range of phenomena in physics, engineering, biology, and
other fields. Second-order differential equations, in particular, describe how the rate of change of a quantity is

itself changing over time.

In this chapter, we will focus on methods for solving second-order ordinary differential equations (ODEs).
These equations involve functions and their first and second derivatives, and are commonly used to model a
variety of natural phenomena. We will cover two main methods for solving second-order ODEs: the integrating
factor method and the auxiliary equation method. These methods involve transforming the original differential
equation into a simpler form, which can then be solved using basic calculus techniques. By the end of this

chapter, you will be able to apply these methods to solve a variety of second-order ODEs.

Integrating Factors

Integrating factors are used to solve certain types of ordinary differential equations (ODEs) that cannot be
solved by direct integration. An integrating factor is a function that is multiplied by both sides of an ODE to
transform it into an exact differential equation, which can then be solved by integrating both sides.
Integrating factors are particularly useful when dealing with ODEs that are not exact or that cannot be made
exact by a simple manipulation. In such cases, the integrating factor can be used to effectively convert the ODE
into an exact form, simplifying the process of finding its solution.

To solve an ODE:

1. Write the ODE in standard form:

Yt Py = Q)

2. Identify the integrating factor, denoted by I(z), as a function that satisfies the following condition:
I(z)el P@1dr — constant
3. Multiply both sides of the ODE by the integrating factor I(x):

1) 1 1) Pla)y = 12)Q()

4. Rewrite the left-hand side of the equation as the derivative of a product:

5. Integrate both sides with respect to x:

where C' is the constant of integration.

6. Solve for y:

Y = ﬁ (/ [(2)Q(x)dz + C’)



These steps can be used to find the general solution to the ODE. The integrating factor is a key element of this
method because it transforms the original equation into a form that can be easily integrated. The integrating
factor is chosen such that when multiplied by both sides of the ODE, the left-hand side can be written as the
derivative of a product. This allows us to integrate both sides of the equation and find a solution for y. The

constant of integration C' can be determined from initial or boundary conditions.

Second order non-homogeneous ODEs

To solve a second-order non-homogeneous ODE using an integrating factor, we can first rewrite the equation in
a form that allows us to apply the method. Suppose we have a second-order ODE of the form:
y' +p@)y +a(2)y = f(z)
To use the integrating factor method, we first multiply both sides of the equation by an integrating factor u(x),
chosen so that the left-hand side of the equation becomes the derivative of a product:
w(@)y” + u(@)p(x)y + u(x)q(z)y = u(@)f(x)

Now, we want the left-hand side of the equation to be the derivative of a product. This suggests that we should

choose u(x) so that:

u(w)p(r) = - u(z)

which means that u(z) is an exponential function of the integral of p(z):
u(z) = el pl@)dz

Multiplying both sides of the equation by this integrating factor, we get:

efp(a;)dzy// + efp(m)dwp(x)y/ + efp(x)qu(x)y — efp(w)dzf(x)

The left-hand side can now be simplified by using the product rule, giving:

d
g (708 ) e Py = VO ()
Integrating both sides with respect to x and simplifying, we get:

L) (/ (@) f(z)dz + Cl> + Gy

y(z) = e

where C7 and Cs are constants of integration.
Here’s an example:

Suppose we want to solve the second-order ODE:

y”—2y’+y=x2

We can rewrite this equation in the form:
y' =2y +y=f(z)
where f(z) = 2. The integrating factor is then:
u(z) _ ef —2dz _ e~ 2

Multiplying both sides of the equation by u(z), we get:



672zy// _ 2672zy/ 4 672:vy — 6721:1:2
The left-hand side of this equation is the derivative of e=2%y’, so we can simplify further:

d
% (672zy1) +6721y _ 672951,2

Integrating both sides with respect to x, we get:

1 1
672xy/ + 5672zy _ 75672:1:‘%2 + Cl

where (7 is a constant of integration. Now, we can use the product rule in reverse to write this equation as:

4
dx

Integrating both sides again with respect to x, we get:

(672wy) _ 7%672w$2 + Cl

1
e 2y = / —§e*2wx2dx + Chix + Cy

where C5 is another constant of integration. Evaluating the integral on the right-hand side, we get:

1 1 1
€72xy — —E$2672z _ §$€72m _ 16721 + 01.73 + 02

Simplifying, we get:

_ 1 1 2 1 1 2x 2x 2x
y(z) = o2 (—437 57T 4¢ + Crze™ + Cae

which can be further simplified as:

1
y(aj) = 1 (33‘2 + 2z + 1) + C'lxeh + CQ@QI

So the general solution to the given second-order ODE is:

1
y(g;) = 1 (,7;2 + 2z + 1) + 01336296 + 026295

where C7 and Cs are constants of integration.

Second order homogeneous ODEs

The integrating factor method is a powerful technique for solving first-order linear differential equations. How-
ever, when it comes to solving homogeneous second-order linear differential equations, the integrating factor

method is not applicable. We need to resort to a different approach to solve these types of differential equations.

One of the methods used to solve homogeneous second-order linear differential equations is the auxiliary equa-
tion method. The basic idea of this method is to assume a solution in the form of a function with exponential

behavior and use it to derive an algebraic equation, known as the characteristic equation.
The characteristic equation is derived by substituting the assumed solution into the homogeneous differen-
tial equation and solving for the constants. The constants that arise in the solution correspond to the roots of

the characteristic equation. These roots will help us to construct the general solution of the differential equation.

A homogeneous second-order ordinary differential equation (ODE) is an equation of the form:



ay” + by +cy=0

where a, b, and ¢ are constants.
To solve a homogeneous second-order ODE, we can first find the auxiliary equation by assuming that the

solution has the form y = €"*, where r is a constant. Substituting this form into the ODE, we get:

a(r?e™) + b(re™) + c(e™) =0

Dividing both sides by ™, we get:

ar’ +br4+¢=0

This equation is called the auxiliary equation. We can solve for the roots of the auxiliary equation using the

quadratic formula:

. —b+Vb% — dac
- 2a

There are three possible cases depending on the nature of the roots of the auxiliary equation:

1. Real and distinct roots: If the roots of the auxiliary equation are real and distinct, then the general

solution to the homogeneous second-order ODE is given by:

y — Cle’r’lib + C2eT2m

where C'y and (5 are constants determined by the initial conditions.

2. Real and repeated roots: If the roots of the auxiliary equation are real and repeated, then the general

solution to the homogeneous second-order ODE is given by:

y = Cre™ 4+ Coze™

where C7 and Cs are constants determined by the initial conditions.

3. Complex roots: If the roots of the auxiliary equation are complex, say r = « + i and r = « — i3, where

a and B are real, then the general solution to the homogeneous second-order ODE is given by:

y = e**(C cos Bz + Coysin )

where C7 and C5 are constants determined by the initial conditions.

Note that in the complex roots case, the real part of the solution decays or grows exponentially depending on

the sign of a, while the imaginary part oscillates sinusoidally with frequency 3.

Trial Functions

Trial functions are functions that are used to guess a particular integral for a given differential equation. They
are typically chosen based on the form of the nonhomogeneous term in the differential equation. For example,
if the nonhomogeneous term is a polynomial, a trial function might be a polynomial of the same degree, or a

polynomial multiplied by an exponential function or a trigonometric function.

The idea behind using a trial function is to guess the form of the particular integral, substitute it into the

differential equation, and then solve for the unknown coefficients in the particular integral that make it satisfy



the equation. This approach is often useful in finding particular integrals for linear differential equations with
constant coefficients.
The process of finding a particular integral using trial functions involves several steps, including:

1. Identifying the form of the nonhomogeneous term in the differential equation.

2. Guessing a trial function based on the form of the nonhomogeneous term.

3. Computing the derivatives of the trial function and substituting them into the differential equation.

4. Solving for the unknown coefficients in the trial function that make it satisfy the differential equation.

5. Combining the particular integral with the general solution of the homogeneous equation to obtain the

general solution of the nonhomogeneous equation.

The choice of trial functions depends on the form of the non-homogeneous term in the differential equation.

Here are some commonly used trial functions:

Form Trial Function
Constant yp=A
Polynomial yp = C1a" + Cox" L+ - + Oy,
Exponential yp = Ce™™
Trigonometric yp = Cicosrx + Cysinrx
Power Series Yp = Dom o Cna"”
Product of polynomial and exponential yp = 2" (ap + a1z + - - + apma™)
Product of polynomial and trigonometric | y, = ™ (ao + a1 + - - - + apz™)(Acosrz + Bsinrz)

Note that these are not the only trial functions that can be used, but they are among the most commonly used
ones. The choice of trial function depends on the specific form of the non-homogeneous term, and sometimes

multiple trial functions may need to be tried before finding the correct one.

Transforming Differential Equations with Substitutions

Using substitutions to transform differential equations is a common technique used to simplify the process of
solving differential equations. In some cases, a clever substitution can transform a complicated differential

equation into a simpler one that is easier to solve.

The v = £ substitution

One common type of substitution is the substitution v = ¥, which is particularly useful for solving equations of
the form % = f(%). This substitution allows us to rewrite the differential equation in terms of a single variable

v, which can often be easier to work with.

To make this substitution, we first write g—g in terms of v using the chain rule:

dy dv d
Simplifying, we get:
dy dv
o a
We can then substitute v = £, which gives us:
dy dv gy



This equation is now in terms of v and z, which we can often solve more easily than the original equation in

terms of y and z.

dy _
dr

Y

22 + 2. Using the substitution v = 2, we can rewrite this

For example, consider the differential equation

equation as:

9y _
dr
Dividing both sides by 22 and simplifying, we get:

x2+y2=x2(1+v2)

dv 5
—4+v° =1
dx +
This equation is now separable and can be solved using standard techniques. Once we have solved for v, we can

then substitute back to find y in terms of x.

The z = ¢! substitution

Another useful substitution is = e’. This substitution is useful for equations of the type:
ax2@ + bx@ +ecy = f(x)
dx? de YT
Substituting x = et gives:
d*y dy
I h—a) 2
aqz t by

This is a linear second-order differential equation in y with constant coefficients, which can be solved using

+cy = f(e')

standard methods such as the characteristic equation or Laplace transforms.

Let’s work through an example to see how this substitution works in practice.

d? d
y—4x—y+y=x3

For example, solve the differential equation 2z%—=
dzx? dx

using the substitution x = e.

We start by substituting z = et:

d’y dy
22 — 272 fy=¢*
ez Ca VT
Next, we solve the homogeneous equation:
d’y dy
2— —2— =0
az " a Y

The characteristic equation is 2r2 —2r+1 = 0, which has roots r = 1/ 24iv/3 /2. Therefore, the general solution

to the homogeneous equation is:
3 3
yn = c1e’? cos ({t) + coet/? sin <\2[t>

Next, we find a particular solution to the non-homogeneous equation. We can use the method of undetermined
coefficients and guess that the particular solution has the form y, = Az®. Substituting z = €’ gives y, = Ae®'.

We can substitute this into the original equation to find A:

266t _ 864t +63t — Ae3t

Solving for A gives A = 1/2, so the particular solution is y, = je



Therefore, the general solution to the non-homogeneous equation is:
3 3 1
y = cre'/? cos <§t> + caet/?sin ({t) + §e3t

When z and y do not both appear explicitly

The z = % substitution

In some differential equations, the variables z and y do not both appear explicitly. In such cases, we can use
a substitution of the form z = Z—Z to convert the equation into one that is in terms of x and z. Let’s take an

example to see how this works.

Consider the differential equation:

Py [y’
ym*(m) =

To use the substitution z = %, we first need to find % in terms of x and z. We can differentiate both sides
of z = % with respect to = to get:

d?y _d (dy\ dz

de?  dx \dr) dx

Now, we can substitute fll—; and z into the original differential equation to get:

dz L2
—+ =z
ydx

This is now an equation in terms of x and z, and we can solve it using methods for first-order differential

equations.
Another example is the differential equation: g—g = x%ry Here, we can use the substitution z = g—g to get:
1
x4y
Differentiating both sides with respect to x gives:
dz 1 dy 22

dr ~ (z4y)? dz (z+vy)

Now we can substitute z and % into the original differential equation to get:

dz x
This is now an equation in terms of x and z, and we can solve it using methods for first-order differential
equations.
The substitution z = % is useful when the original differential equation involves Z—Z but not y explicitly. By
using this substitution, we can transform the equation into one that is in terms of x and z, and solve it using

methods for first-order differential equations.

When the equation does not contain x explicitly

The substitution z = Z—Z can also be used to solve differential equations where x does not appear explicitly. In

this case, the equation is transformed into an equation in terms of z and y.



For example, consider the differential equation:

Py (dy\®
y= 2 () =0
dx? dx

Here, = does not appear explicitly. Letting z = g—z, we have:

dz 9
2
ydaz z

This is a separable first-order differential equation that can be solved using separation of variables:

1d 1
ldz 1,
z T
Integrating both sides, we get:
1
—~=Inlz|+C
z

where C' is the constant of integration. Substituting back z = Z—Z, we get:

dy 1

de ~ Inlz[+C

This is a first-order separable differential equation that can be solved using separation of variables:

dy

L R
In|z|+C v

Integrating both sides, we get:

In|lnjz|+C|=—-x+ D

where D is another constant of integration. Solving for y, we get:

y(iL’) = 4+ eD—(n|ln|z[+C)

eD
=4 _—
Y@ =H e v o]

Therefore, the general solution to the differential equation is:

[ a
y(w) =+ |In[z| + B

which simplifies to:

where A = eP and B = —C.



